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IRINA SHCHEPOCHKINA 

Abstract. An algorithm for embedding finite dimensional Lie algebras into Lie algebras 
of vector fields (and Lie superalgebras into Lie superalgebras of vector fields) is offered 
in a way applicable over ground fields of any characteristic. The algorithm is illustrated 
by reproducing Cartan's interpretations of the Lie algebra of G(2) as the Lie algebra that 
preserves certain non-integrable distributions. Similar algorithm and interpretation are 
applicable to other exceptional simple Lie algebras, as well as to all non-exceptional simple 
ones and many non-simple ones, and to many Lie superalgebras. 



1. Introduction 

In memory of Felix Aleksandrovich Berezin 

Here I offer an algorithm which explicitly describes how to embed any Z-graded Lie algebra 
(or Lie superalgebra) n := © Uk such that 

k>-d 

(1) n_i generates n_ := © rifc and dimn_ < oo 

fc<0 

into a Lie algebra (resp., Lie superalgebra) of polynomial vector fields over R or C or over a 
field K of characteristic p > 0} 

For almost a decade, whenever asked, I described the algorithm I propose here but was 
reluctant to publish it as a research paper: the algorithm is straightforward and was, actually, 
used more than a century ago by Cartan [Hj, and recently by Yamaguchi For the same 
reason, the draft of |ShEj with some examples of embeddings based on this algorithm was 
also being put aside and will appear as a sequel to this paper; in the meantime |Lalj and 
|La2j appeared with some more examples^. 

Grozman and Leites convinced me, however, that the algorithm, and its usefulness, were 
never expressed explicitly. Most convincingly, they used the algorithm not only for inter- 
preting known, but mysterious, simple Lie algebras, and Lie superalgebras, especially in 
characteristic p > 0, but in order to get new examples in the absence of classification ( |GLj ). 
So here it is. Grozman already implemented it in his SuperLie package |Grj . 

Having started to write, I added something new as compared with j^: a description by 
means of differential equations of partial prolongs — subalgebras of the Lie algebras of poly- 
nomial vector fields embedded "projective-like". Such description is particularly important 
if p > 0, and for some Lie superalgebras. 
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^Although p denotes the characteristic of the ground field, parity, and is used as an index, the context is 
always clear. 

H was unable to follow the details of both jLal| and |La2| and hopefully this paper will help to elucidate 
important realizations of |Lal| and |La2| . 
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At the last moment, I learned that, for p > 0, Fei and Shen |FShj proved existence of 
embeddings I consider and illustrated it with a description of the simple Lie algebras of 
contact vector fields for p = 2. They also formulate questions this paper answers. 

For reviews of related to our result realizations of Lie (super) algebras by differential op- 
erators (not necessarily first order homogeneous ones), see |BGLS| IM] and |Sh2j . 

-1 

Problem formulation, facts known, and our reasons. Let n := © rik, be an n- 

k=-d 

dimensional Z-graded Lie algebra of depth d > 1 satisfying ([T]). Let / : n — > oect(n) = 
OcrK[xi, . . . , a;„] be an embedding. The image /(n) is a subspace in the space of vector fields; 
every vector field can be evaluated at any point; let /(n)(0) be the span of these evaluations 
at 0. 

Problem 1. Embed n into oect(n) so that the dim/(n)(0) = n. 

Comment. Roughly speaking, we wish the image of n be spanned by all partial derivatives 
modulo vector fields that vanish at the origin. 

Such an embedding determines a non-standard^ grading of depth d on tieci(n). We will 

oo 

denote oect(n) considered with this non-standard grading by = © 0^. Let g_ be the 

k=-d 

image of n in D, i.e., 0_ C 0_ := © D^. 

fc<0 

Problem 2. Compute the complete algebraic prolong of g^, i.e., the maximal suhal- 
gebra (fl-)* = © 0a: C t) with the given negative part. 

k>-d 

Problem 3. Single out partial prolongs of in (fl-)*. In particular, given not only 
n, but no C OeroU, where the subscript singles out derivations that preserve the Z-grading, 
we should automatically have an embedding no C go- 

// the inclusion Uq G go is a strict one, we wish to be able to single out no in go well 
as to single out the algebraic prolong (g_,no)* — the maximal subalgebra of t> with a given 
non-positive part — in (g-)*. 

If ^0 = 00 but the component gi forms a reducible go-module with a submodule how to 
singe out the maximal subalgebra (g-©go©f)i)* C with a given "beginning part" (components 
of grading < I)? 

In utmost generality, single out in the maximal subalgebra [)* = ® i)k with a given 

k>-d 



beginning part f) = g^ © © hk]- Naturally, the beginning part \) should be compatible 

\0<k<K J 

with the bracket, i.e., C for all i,j such that i + j < K . 

The components i)k with k > K are defined recurrently: 
(2) i)k = {Xegk\ [X,g_i] c 

We prove the inclusion [i)k, C i)k+i for all indices by induction on A; + / with an appeal to 
(1); it guarantees that [)*:=g_©( ©[)fc)isa subalgebra of 0. The Lie algebra ()* = © [)fc 

\0<k J k>-d 

is a generalization of Cartan prolong. 

Remark 1.1. De facto, for simple Lie algebras over M and C, the number K is always < 1, 
but if charK > 0, and for superalgebras, then K > 1 is possible. 

Discussion. If a Lie group with a Lie algebra n is given explicitly, i.e., if we know 
explicit expressions for the product of the group elements in some coordinates, then there is 

"^The grading degXi — 1 for all i associated with the (a;)-adic filtration is said to be standard; any other 
grading is non-standard. 
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no problem to describe an embedding n C tiect(n): the Lie algebras of left- and right-invariant 
vector fields on N are isomorphic to n. (This is, actually, one of the definitions of the Lie 
algebra of N.) If the group N is not explicitly given, then to describe an embedding n C 
t)ect(n) is a part of the problem of recovering the Lie group from its Lie algebra (in the cases 
where one can speak about Lie groups). Of course, the Campbell-Hausdorff formula gives 
a solution to this problem. Unfortunately, despite its importance in theoretical discussions, 
the Campbell-Hausdorff formula is not convenient in actual calculations. 

For K = R and C, another method of constructing an embedding n C t)ect(n) and re- 
covering a Lie group from its Lie algebra is integration of the Maurer-Cartan equations, cf. 
|DFJNj . Although the algorithm I offer does not use a Lie group of n and is applicable even 
for the cases where no analog of a Lie groups can be offered, it is viewing a given Lie algebra 
as the Lie algebra of left-invariant vector fields on a Lie group that gives us a key lead. 

For other algorithms for embedding n C t)ect(n), based on explicit descriptions of the 
n-action in U{n), see |BGLSl IM] . Now, let me list reasons that lead to the algorithm. 

Reason 1. Let Xi, . . . , Xn be vector fields linearly independent at each point of an 
n-dimensional (super) domain, and 

(3) [X,,X,]=J24X,, 4gK. 

k 

Let u^, . . .ijj'^ be the dual basis of differential 1-forms (u;*(Xj) = (5*). Then (a standard 
exercise) 

(4) dj^ = /\ = - E ^ 

ij i<j 

and vise versa: if the 1-forms u'^, . . .u"^ satisfy then the dual vector fields Xi, . . . , Xn 
satisfy 

Observe that, although in the super setting the expression for du, i.e., 

(5) duj{X, Y) = Xuj{Y) - Yu{X) - u{[X, Y]), 

acquires some signs, eq. (jU is valid for superalgebras as well: the extra signs in eq. (0) 
appearing due to super nature of its constituents do not affect (jH). 

Recall that if the fields Xi form a basis of left-invariant vector fields on the group A^, eqs. 
(ID) are called the Maurer-Cartan equations; in this the structure constants of 

the Lie algebra n. 

If a;* = V^{x)dx^, then eqs. (jH) can be expressed as equations for the functions V,^: 

(6) ^,V:'-^^V^' = J24,V:'V;'. 

PA 

Reason 2. In the real or complex situation, eqs. © are easy to integrate in "nice" coor- 
dinates for any Lie algebra n (not only nilpotent). Namely, introduce functions 

Wjit, x) = tVj{exp{tx)), where teR, xen*. 

(In other words, we should integrate eqs. (jHl) along one-parameter subgroups.) As is easy to 
check, the functions W satisfy ODE 

dW^ 

p,<i 

with the initial condition Wj{0, x) = 0. 
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Actually, since n is Z-graded nilpotent, the system (jH)) is so simple that one can integrate 
it directly, without appealing to auxiliary functions W, and over any ground field. This 
direct solution of (jHI) allows us to construct an embedding n — > t)ect(n) most suitable for 
our purposes'^, and find all possible embeddings. 

Namely, select a basis B = {ei, . . . , e„} of n compatible with the grading. This means 
that its first ni elements form a basis of n_i, the next n2 elements form a basis of n_2, and so 
on. Let Is be the set of indices corresponding to n_s, and / = Uls- Let c^j be the structure 
constants in this basis: 

(8) [ei,e,] =^4efc, 

k 

and Xi, . . . , x„ be the determined by B coordinates of n*, the dual space to n. The nonstan- 
dard Z-grading = © Ofc of tiect(n) compatible with the Z-grading of n is determined by 

k>-d 

setting 

(9) degXi = s for any i G Ig- 

Let G t) be the image of Cj under our embedding. Then the value of Xj at is equal to 
'■= di and the value of the dual form cj* at is equal to dx^. Hi G Is, then the field Xj 
and the form are homogeneous of degree —s and s respectively. We have 

cj* = dx^ for z G /i; 

cu* = dx* + ^ a^j^x^dx^ for i E h] 

uj^ = dx^ + Yl a^j^x^dx^^- 

feG/i \s,te7i sG/2 / 



The grading guarantees automatic fulfillment of a part of conditions For example, for 
k G Ji, all the functions 1^^'^ are known: = 5f ; for k G /2, the rhs of (jHI) only contains the 
known functions {V^ with k G /i), and so on. 

The system for a*;^ is highly undetermined but if we are interested in getting some embed- 
ding only, we do not need all the solutions; any solution (the simpler looking, the better) will 
do. Then we proceed in the same way with for k G I3, and so on. The Jacobi identity 
guarantees the compatibility of the system. 

Reason 3. How the complete prolongations are singled out. Over M, the connected 
simply connected Lie group N with Lie algebra n, left-invariant forms a;*, where i E I, and 
the structure constants cf^ given by (jU possess a universal property ([StJ): 

Let M be a smooth manifold with a collection of linearly independent at each point 
differential 1- forms a*, satisfying ^ with the same constants cj^-. Then, for every point 
X G M, there exists its neighborhood U and a diffeomorphism f : U — > N such that 

^For example, why even the authors of IBGLSj were reluctant to use any of the three algorithms presented 
in |BGLS ? I tested all of their three algorithms: they work, although some clarifications (see ^Sh2 ) are 
needed. The only explanation I can deduce from the questions Grozman and Leites asked me, is the fact that 
the formulas in (BGLS) are fixed, and some of them involve divisions. And what to do if, say, one wants to 
avoid division (by 2 or 3) in coefficients?! Whereas I give the customer a possibility to select the embedding 
to taste. 
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Any two such diffeomorphisms differ by a translation. 

Hence, as soon as we have found forms a;* satisfying (0)), we can think of them as of left- 
invariant forms of the group and of the dual vector fields Xj as of left-invariant vector 
fields, 0- = Span{Xi, . . . C tiect(A^). 

Let Yi, . . . ,Yn he the right-invariant vector fields, such that 

X,{e)=Yi{e), 

and 9^, ... ,9"' he the dual right-invariant 1-forms. 

Clearly, both {Xjjjg/ and {Fijjg/ span Lie subalgebras of t)_. 

Let us define a right-invariant distribution V on N such that D{e) = n_i. Clearly, V is 
singled out by the system of equations for X G \jcct{n): 

(10) 9'{X) = for any i G /a U /a U ■ ■ • U Id. 

Since left- and right-invariant vector fields on a Lie group always commute with each other, 
each Xj preserves V and hence the Lie algebra g_ preserves T>. Moreover, since n is Z- 
graded, it follows that the fact "X G ti_ preserves V"is equivalent to the fact "X commutes 
with all Yi, where i G /i", and hence with all Yi, where i E I, since n_i generates n. 

Thus, g_ is characterized as the maximal subalgebra of 0_ preserving V. But then the 
complete prolongation of 0_ is the maximal subalgebra of oect(n) preserving V. 

Of course we can reformulate all this without appealing to N. All we need is centt,_(0_), 
the centralizer of 0_ in ti_. It is also clear that, having represented F G D-s as a sum of 
homogeneous components in the standard grading (degx* = 1): 

d-s-l 

p=-i 

we see that for the fields that vanish at the origin (for them, ^(-i) = 0), the lowest component 
of [Xi, Y] coincides with the bracket of the lowest component of Y with di, and therefore is 
nonzero. 

The other way round, for any Y such that ^{-i) 7^ the equations [Xj,y] = 0, where 
i = l,...,n, enable us to uniquely recover, consecutively, all the components Yj^p) for p > 
starting with ^(-i) using the recurrence: 

p-i 

(11) [d^. = -Y. ' ^(^)] for ^ = 1, . . . , n. 

s=-l 

Let Yi G cento_(g_) be such that (yj)^^ -^^ = di. Then 

and, since the fields from cento_(0-) are uniquely determined by their (— l)st components, 
we get: 

[Yi.,Y,] = -Y,4yk, 

k 

i.e., cento_(0-) is isomorphic to n. 

Let the 6** constitute a basis of 1-forms dual to the {l^jiG/ (i-e., 9\Yj) = 6j). Then any 
vector field X G t5ect(n) is of the form 

X = J20%X)Y,. 
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Since [Xj, Yj] = for any i, j = 1, . . . ,n, we have 

(13) 0\[x,,x]) = x,ie\x)). 

Now let us consider the distribution V defined by (fTUI) . As we have already observed, g_ 
is characterized as the maximal subalgebra of 0_ preserving V. 

Observe, first of all, that although "any Xi preserves any form 9^", the condition in 
quotation marks does not survive the operation of complete prolongation whereas the 
condition "preserve P" is not so strong and survives it. 

Indeed, a field X G preserves V if and only if 

(14) Yi\) = for any z = 1, . . . , ni, and any k > rii. 
Let (UD) be vahd for any X G Qs-i- Then, due to ©, G if and only if 

(15) 0''{[[Xj, X], y,]) = XjO'^ilX, Yi\) = for any i,j = 1,..., ni, and k > n^. 

(We have taken (fT^ into account.) 

Finally, since n_i generates the algebra n, ffT3j) is equivalent to 

(16) dj{e''{\X, Yi]) = for all j = 1, . . . , n. 

But a k & Ii [l > 2), then 9^{[X,Yi\) is a homogeneous (in our nonstandard grading) 
polynomial of degree s — l + />s + l>l, and hence ()16|) is equivalent to 

(17) 0''{[X, Yi\) = for any i = 1, . . . , m, and k > ni, 

and hence X preserves V. 

Let us rewrite the system (jl4j) for coordinates of X more explicitly: 

Y.{9'{x)) - j:^i-if(^^)p(''(^y^c'i^e^ix) = 

(18) 

for any i = 1, . . . , ni, and k = rii + 1, . . . ,n. 
Since g_ is Z-graded, eqs. (fT5|) are of a particular form. Let 

Fi = r-"'^+^(X), where i = l,...,nd, 

be the coordinates of a vector field X lying in the component of maximal depth. 

If the functions Fi are given, then eqs. (fTHj) . where k G Id-i, constitute a system of linear 
(not differential) equations for the coordinates 9^{X) corresponding to the component Q-d+i, 
and if this component does not contain central elements of the whole algebra g_, then all the 
coordinates of the level —d+ 1 enter the system. After all these coordinates are determined, 
eqs. (fT5|) . where now k G Id-2, become a system of linear equations for coordinates on the 
next level, —d + 2, and so on. 

Therefore, the are generating functions for X. In the general case, one should take for 
generating functions the functions corresponding to all central basis elements of g_. 

Now, we are able to formulate the algorithm for the first two of our problems. 

2. The algorithm: Solving Problems 1 and 2 

• In n, take a basis B compatible with the grading and compute the corresponding struc- 
ture constants A. 

*j 

• Seek the basis of 1-forms {u>^}i^i satisfying (jH), i.e., solve system © upwards, i.e., 
starting with degree 1 and proceeding up to degree d. 

• Seek the dual basis of vector fields {Xjjjg/ upwards, i.e., starting with degree —d and 
proceeding up to degree —1. The fields {Xi}i^j determine an embedding of n into occt(n). 

Problem 1 is solved. 
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• Seek a basis {i^jie/ of centt,_(0_) in o_ by means of (fTTj) and the dual basis of l-forms 

• To find the component Qs of the complete prolongation of g_, we seek the field X G 0s 
in the form X = '^6'^{X)Yi. For this, we express each of the rid generating functions 

= 6'"~"'*+*(X) as a sum of monomials of degree d + s (in the nonstandard grading) with 
undetermined coefficients and solve the system (jl8|) of linear homogeneous equations for 
these coefficients. 

For debugging, we compare, for s < 0, the fields thus obtained with the Xj. 
Problem 2 is solved . 

Example. Consider the exceptional Lie algebra 0(2)^ in its Z-grading of depth 3, as in 
jniEl- In what follows, 

— over M or C 

k\ 

u'^^''(the divided power) in characteristic p > 0. 

Then (recall that n is the given abstract algebra whose image in the Lie algebra of vector 
fields is designated by g) 

n = n_3 © n_2 © ri-i, where dimn_i = 2, dimn_2 = 1, dimn_3 = 2. 

Let us see how the algorithm works for the embedding /(n) = 0_ C oect(5). 

1. A basis compatible with the Z-grading and structure constants are of the form: 

n_i = Span(ei, 62), n_2 = Span(e3), n_3 = Span(e4, 65); 
[ei, 62] = 63, [ei, 63] = 64, [62, 63] = 65; 
c^j = for /c = 1, 2; = —c^i = 1, cfj = otherwise ; 
1, cf - = otherwise; 



C23 = — = 1, c^j = otherwise. 



2. We have 



cj^ = dx'^, up- = dx"^ =^ = Si for k = 1,2 
2 

cj3 = dx^+ J2 afjx'dx^ =^ Vi = Kf = 0; = 1; 
*,i=i 

^1 = aliX^ + ^21^^^ ^2 = a?2^^ + «22^^- 
Eqs. (jni) give one non-trivial relation on the V^: 

d2V^ - diVi = V^Vi - V^V^ = 1, 

or, equivalently, 

(19) 4, -a?2 = l. 

Select a solution which seems to be a simplest one: 

ttii = 0,22 ~ '^12 ~ Oi '^21 ~ 1- 
(In canonical coordinates of first kind, af-^ = 032 = 0, = ^21 — These are most 
symmetric coordinates. We wish, however, to evade division if possible.) Thus, = 
x^, Vo = 0, and hence 



UJ 



3 



^We denote the exceptional Lie algebras in the same way as the serial ones, like s[(n); we thus avoid 
confusing g(2) with the second component Q2 of a Z-graded Lie algebra q. 
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Further, for k = 4,5, 

3 
3=1 

where 

Eqs. dni) give three nontrivial relation for each function Vj', where k = 4,5, j = 1, 2, 3: 

d2V^^ - diVi = 0; d^V,^ - diVi = 1; d^Vi - ^2^3^ = 0; 
^2^1^ - diVi = -a;2; dsVi^ - diV^ = 0; dsV^ - d2Vi = 1, 
or, in terms of coefficients: 

Pfx^ + 7fx^ = ajx^ + ef — af = 1; ej — aj = 0; 

rp'^ rv^-T"! /^^'T'^ — ^2. ^5 -^5 — 1 . J-.5 ^5 — i 

^-j^ z]^"' ^'i'2 r-'^2 — ' 1 1 — ' 2 2 — 

Select a simpler looking solution: 

oj'^ = dx^ - x^dx^, US' = dx^ - x^dx^ - {x^f'^^'dx^. 

Finally, 

u)^ = dx^, uj^ = dx"^. 



u'^ = dx^ + x'^dx^ 



a;^ = (ix^ — x^dx^, 

= dx^ - x^dx^ - {x^y^^dx^. 

3. Now seek the dual fields Xi. 

^5 = f^5i = di, 

X'i = d'i + x'^di + x^^s, 

X2 = 82, Xi = 9i - X^d^ - X'x^di - (x2)(2)a5. 

We get fl_ = Span{Xi, . . . , X5}. 

4. Now we seek homogeneous fields Yi = di + . . . , commuting with all the Xj. Since the 
brackets with X2, X^, X^ vanish, the coordinates of the Yi can only depend on x^ and x^. 
Therefore 

Y4 = 84, Y5 = c^s; 

Y3 = 83 + 0x^54 + bx^d^, 

and [Xi, F3] = implies that Y^ = 83. 
Finally, for z = 1, 2, we have 

5 

= a, + a^x^ds + + iix^)d,. 

Bracketing Yi with Xi and X3, we get 

, , Fi = (?i + x^a4, 

20 

1^2 = ^2 - X'ds - (Xl)(2)a4 + X^as. 



LIE ALGEBRAS OF VECTOR FIELDS 9 

It only remains to find the forms 6'* left-dual to Yi. The routine computations yield: 6'* = rfx* 
for i = 1,2 and 

9^ = dx^ + x^dx^; 

(21) = dx^ - x'^dx^ + {x^)^^Ux^] 

9^ = dx^ — x'^dx^. 

5. Now we seek all the vector fields X preserving T) = Span{yi,l2}, or, which is the 
same, all the fields that belong to the complete prolongation of 0_. Let X = f^Yi, where 
/* = 6\X). To find the we solve eqs. fITHj) . In our case they are: 

Y,{n = /^ Y,{f) = 0, Y^in = o, Y,{f) = f, Y^{f ) = f\ Y.^n = -f\ 

We see that X is completely determined by the functions /^^ and which must satisfy the 
three relations: 

(22) Y,{f) = 0, Y^{f') = 0, Y,{f') = Y^if). 

For control, let us look what are the corresponding fields in the component t)_2. In 
this case, both and should be of degree 1 in our grading, i.e., must be of the form 
/* = a^x^ + Ux"^ for i = 4, 5. Then Yi{p) = a\ l2(/*) = b\ and hence eqs. mean that 

f^ = ax\ f = ax'^f = a,f = f = 0. 

Therefore, any field preserving T> and lying in is proportional to 

X = Ys + x'Y^ + x^K, = ^3 + x'di + x^d5 = X3, 

as should be. 

We similarly check that, in our equations single out precisely the subspace spanned 
by Xi and X2. 

Now, let us compute Qq. Its generating functions must be of degree 3 in our grading, i.e., 
of the form (for i = 4,5) 

Then 

Yi{f) = a\{x^Y^^ + aix^x^ + ai{x^Y^^ + {b\ + c\)x^; 

Y2{f) = (4 - 2fci - 4)(xi)(2) + (4 - bl)x^x^ + 4(x2)(2) + (4 + 4)^3. 
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In this case, eqs. (j22j) take the following form: 



CL — ^2 


^5 

= «3 = 


n 

= 0, 


+ Ci - 


- u, 




— U, 






/i4 _L ^4 _ 
O2 + C2 - 


- n 




4 7 4 
«3 - ^2 = 


= 0, 




- 26f 


+ c\- 


= 0, 


= al 


-2h\ 


- 


at = al 


-bl 




CI3 = 0,4, 






h\ + c\^ 


--bl + 


62- 



The solution to this system is: 

af = —bl = cl = a, 
at = -bl = P, 

4 5 l4 4 

al = al = bl = -0% = 7, 
al = al = al = al = 0, 

4 = (3- 26, 
4 = 2/3- 

Hence 

/4 = a(a;i)(3) + /3(xi)(2)a;2 + jx\x'^Y^^ + 6x^x^ + -fx'^x^ + {f3 - 25)x^ - 7X^ 
P = 7(2:^)3 _ 0,2,13,3 _ ^2,23,3 _^ 0,3,4 _^ (^2/3 — 

p = Y,{p) = ax^+(3x\ 

= -Y^if) = -6x^ - jx\ 

For a basis of 0o we take the vectors X^, Xp, X^, X^ corresponding to the only one non-zero 
parameter (for example, X^ corresponds toa = l, /3 = 7 = 5 = and so on): 

= x^Y2 + (xi)(2)r3 + (a;i)(3)y4 + {-x^x^ + x'^)Y5 = 
x^d2 + x^dn - (x^Y^^d-s - 2 (x^) (2)^4, 
= x^d2 + x^d3 + x'^di + 2x^85, 

x^ = -x^di - x^'d^ + (x2)(2)53 + xHx2)(2)a4 + (x2)(3)a5, 

Xs = —x^di — x^ds — 2x^di — x^d^. 
For a = 7 = 0, (5 = —(3 = 1, we get the grading operator 

X = -x^di - x^d2 - 2x^83 - 3x*d4 - 3x^85. 
The higher components can be calculated in a similar way. 
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Interpretation. There are three reahzations of g = g(2) as a Lie algebra that preserves 
a non-integrable distribution on g_ related with the three (incompressible) Z-gradings of g: 
with one or both coroots of degree 1. Above we considered the grading (1,0); Cartan used 
it to give the first interpretation of g(2), then recently discovered by Killing, see [D].^ 

In this realization (by fields Xi) g = g(2) preserves the distribution in the tangent bundle 
on g_ given by the system of Pfaff equations for vector fields X 

e^{x) = 0; e^{x) = 0; e''{x) = o. 

Equivalently, but a bit more economically, we can describe g = g(2) as preserving the 
codistribution in the cotangent bundle on g_ given by the vectors (j2Up . i.e., as the following 
system of equations for 1-forms a: 

a{Yi) = 0; a{Y2) = 0. 

Obviously, description in terms of codistributions is sometimes shorter: any distribution of 
codimension r requires for its description r Pfaff equations, whereas the dual codistribution 
requires n — r equations. 

One can similarly describe the remaining realizations of g(2) corresponding to the other 
Z-gradings, various realizations of f(4) and e(6) — e(8) and of exceptional Lie super algebras, 
as well as Lie algebras over fields of characteristic p. There seemed to be no need to con- 
sider nonintegrable distributions associated with various Z-gradings of non- exceptional Lie 
algebras (their usual description as preserving volume or a nondegenerate form seems to 
be sufficiently clear); Cartan himself, though understood importance of description of Lie 
algebras in terms of distributions, only considered one or two Z-gradings and related dis- 
tributions of exceptional Lie algebras and none for non-exceptional. If, however, we apply 
the algorithm presented here to g(2), o(7), sp(4) and sp(lO) in characteristic p = 2,3 or 5, 
we elucidate the meaning of some of the simple Lie algebras specific to p = 2, 3, 5 and, with 
luck and in the absence of classification, distinguish new examples, as in |GLj . 

Other gradings of other algebras are now being under consideration. 

3. How TO SINGLE OUT PARTIAL PROLONGS: SOLVING PROBLEM 3 

Thus, we have described the complete prolong of the Lie (super) algebra g_, i.e., as we 
have already observed, the maximal subalgebra g = (g-)* C with a given negative part. 

Let us consider now a subspace f) = g- © I © ) C g, closed with respect to the bracket 

\0<k<K J 

within hmits of its degrees, i.e., such that C whenever i + j < K. Let us describe 

the partial prolong f)* = © f)^ C g of the subspace (), i.e., the maximal subalgebra of g with 

k>~d 

the given beginning part [). The components i)k with k > K are singled out by condition (j21). 
Here by description we mean a way to single out f) in g by a system of differential equations. 

Remark 3.1. Observe that the Cartan prolong (g_, go)* (where g_ is commutative, the depth 
is d = 1, and go C gl{n)) is a particular case of the above construction with g = t)cct(n), and 
f) = g- © go- For examples of descriptions of Cartan prolongations by means of differential 
equations, see |Shl4j . |ShFAj . and ^ShPj . 

The homogeneous component f)m of () is said to be defining, if l)k = Qk for all A; < m but 
i)m 7^ 9m- Let us cousidcr an algorithm of description of f)* in the case where the defining 
component is of the maximal degree — f}x- The case of defining component of smaller 

''Cartan also considered the grading (1,1), see Cartan used it to study Hilbert's equation /' = {g")^ ■ 
The grading (0,1) is considered in |La2| but we could not follow his calculations and intend to redo them. 
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degree m < K can be reduced to our case; indeed, we first describe the partial prolong 



— \ ® f^A: ; compare the components f)^, where m < k < K with the corresponding 

V0<fc<m 

components of this prolong [)™, find out the new defining component, if any, and so on. 
Thus, let Zi, . . . , Zdimt)K be a basis of the defining component 1)k <^ Qk- 
The first thing to do is to single out the subspace [)k in Qk by means of a system of linear 

(algebraic) equations (i.e., find out a basis of the annihilator of i)K in (Qk)*, or, equivalently, 

find out the fundamental system of solutions a^, . . . of the system of equations for an 

unknown 1-form a G (qk)*'- 

(23) a(Zi) = for alH = l,...,dim[)i^. 

The subspace Pi^- is then singled out by a system of homogeneous linear equations for an 
unknown vector field X & Qk'- 

(24) a^(X) = for alH = l,...,r. 

Observe now that in gx there is a convenient for us basis consisting of the fields of the form 
fYj, where / is a monomial of degree K + s if j & Is- Accordingly, the dual basis consists 
of the elements of degree —K and of the form 

and the forms a' can be expressed in this basis as 

(25) «' = E«f'-'"^n,...,V 

Substituting into we get a system of homogeneous linear differential equations with 
constant coefficients for the coordinates of the vector field X = 9'^{X)Yi G i)K'- 

(26) J2 '■■■'**'5(^n . . . Yi^)e\X) for all / = 1, . . . , r. 

Observe now that, for Lie algebras, equation survive prolongation procedure 0- 
Indeed, for k > K,hj the induction hypothesis X G f)^ if and only if the brackets 
satisfy for any i = 1, . . . , ni. Set 

f = Y,af S{Y,,...Y,,)0^{X). 

Since all the Xj commute with all the Yj, the system (|26p for the brackets [Xj, X] is equivalent 
to the system 

(27) Xi{f) = for alH = 1, . . . , ni and / = 1, . . . , r, 
which thanks to (Q) is, in its turn, equivalent to the system 

= for alH = 1, . . . , n and / = 1, . . . , r. 

This implies that /' = const for alH = 1, . . . ,r. Since the functions f are homogeneous 
polynomials of degree A; — > 0, it follows that = 0. Hence, X G f)^ if and only if X 
satisfies system fl^ . 

In super case the fields Xi and Yj supercommute, not commute, and this does not allow 
us, generally speaking, break out the Xi and pass from system for the brackets to the 
system fl27|) . There is, however, a simple and well-know consideration that saves us. Recall 
that p denotes the parity function and Pty is the parity operator, i.e., 

Pty(x) = (-l)P(^)x. 

Lemma 3.2. Let X, y G Endl/ supercommute and p{Y) = 1. Then X and Y = YPty 
commute (in the usual sense), i.e., XY = YX. 
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Indeed, 

XY{v) = XYFtyiv) = {-1)p'^''^XY{v) = 

^-l)Piv)^_iy(x)piY)YX{v) = = YX{v). 



Therefore, in the super case, the system (j26j) should be written with operators Yi instead of 
Yi {if p{Yi) = 0, we set Yi = Yi). 

Finally, if d > 1, then any field X G g is completely determined by its generating functions 
F*. Therefore, it suffices to write equations (pUj) for the generating functions only. 

Examples: Depth 1. Let g_ = g_i be commutative, hence g = (0-)* = oect(n) in 
the standard Z-grading (the degree of each indeterminate is equal to 1). Let Qq = gl{n) = 
Occt(?T,)o. The degree 1 component oect(n)i consists, as is well-known, of the two irreducible 
g[(n)-modules. Let 

(28) ^ = E ^i^'^'dk := YI ^'(^)^^- 
Then these submodules are: 

(29) P)i(i) := Span{x* x-'dj \ i = 1, . . . ,n} 

j 

and 

n 

(30) [)i(2) := Span{X = ^ d^^x'xWk | 4 + = for i = l,...,n.} 

Let us single out the partial prolongs = (0_i © Qi{n) © f)i(j))*, where z = 1, 2 in Dect(n) 
by means of differential equations on the functions f^{x), see (j28|l . In this case Xi = Yi = di. 
The conditions on f)i(2) can be immediately expressed as 

Ydidj{P) = for all i = 1, 

j 

or, equivalently, as 

(31) ^^[^^) =0 ^ = 1' 

This is exactly the system ()2(i|l for ()^,(2) which can be rewritten in a well-known way: 

dxi 



, n 



,n. 



E-J— = dwX = const. 



Hence, as is well-known, f)^(2) = ds\Jtct{n) := soect(n) ^KE, where E = '^x^di. 

Now let us consider (which is, of course, s[(n + 1) embedded into t)ect(ra)). Having 
expressed X G as 

{ci{x^f + C2X^x^ H h CnX^x'')di H h (cix^x" + C2X^x" H h c„(a;")^)(9„ 

we immediately see that dij = if z 7^ /c and j 7^ k, and d^^, = d^^ for any i ^ k. The 
corresponding system of differential equations is 

Q2fk 

for i,j 7^ fc; 



/Qo\ dx^dx^, 

(32) ^ 52jfc ^2^^ 

o = r^ , for ^ 7^ ft^- 

2 (aa;*^)2 ax^Sx'^ ^ 



14 



IRINA SHCHEPOCHKINA 



Superization. For super algebras, as we have seen, one should take compositions of Yi = di 
with the parity operators, i.e., instead of the di we should take operators 

These Vj commute (not supercommute) with any operator Xj = dj from The system 
()31|) will take form 



vJ5Zv,(f) =Ofor alH = l, 



n, 



which yields, nevertheless, the same condition divX = const. (This is one more way to see 
why the coordinate expression of divergence in the super case must contain some signs: eqs. 
(jHT|) do not survive the prolongation procedure 0.) 
Having in mind that 

(33) 4 = -(-l)p(/'=)-,^!Z^; so (i^;, = for x*^ odd 

we deduce that the second line in (jH^ takes the following form 

Depth > 1 We consider several more or less well-known examples and a new one [ias). 

Let n = n_i © n_2 be the Heisenberg Lie algebra: dimn_i = 2n, dimn_2 = 1. The 
complete prolong of n is the Lie algebra i{2n + 1) of contact vector fields. Having embedded 
n into oect(pi, . . . , Pn, qi, . . . , qn]t) with the grading degpj = deg Qi = I for all i and deg t = 2 
we can take for the X-vectors, for example, 

= + Pidt, Xp^ = dp^ - Qidt; Xt = dt. 

Hence g_ = SpanjXp^, . . . , Xp^.Xq^, . . . , Xq^, Xt} and the contact vector fields in consider- 
ation preserve the distribution T> given by the Pfaff equation a{X) = for vector fields X, 
where a = dt + Y^iiPidqi - Qidpi). 

The y-vectors in this case are of the form 

= - Pidt, Yp, = dp^ + qidt] Yt = dt. 

In this particular example, a contact vector field K is determined by only one generating 
function F which is exactly the coefficient of Yt in the decomposition of K with respect to 
the F-basis and there are no restrictions on the function F. Denoting F = 2f and solving 
eqs. (fTHj) . we get the formula for any contact vector field Kf-. 

^3^^ Kf =2fYt + E^i-YM)Y,. + YpXf)YqJ = 

where E = YliiPi^Pi + Qi9q,)- Of course, this is exactly the standard formula of the contact 
vector field with the generating function /. Further we use the realization of t{2n + 1) in 
generation functions /. 

If i)o 7^ to, then f)o is the defining component. The component is generated by 2nd order 
homogeneous polynomials in p,q,t. Thus, for a basis Z in 6o we can take monomials PiPj, 
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QiQjj PiQj] t and for a basis Z* of the dual space we then take operators 

Y,Y,^, Y,Y,^, Y,Y,JoTz^r, ^- {Y,Y,^ + Y,Y,J ; Y,. 

To describe the complete prolongation of 0_ © ()o, one should first single out [)o in 60 in 
terms of equations for functions generating f)o in basis -Z", then rewrite the equations in terms 
of Z*. 

1) If f)o = •S'p(2n), the generating functions do not depend on t, which means that 

YtU) = 0. 

This equation singles out in fi(2n + 1) the Poisson subalgebra po(2n). 

2) If f)o — C id, the generating function is t, which means 

(36) Y,Y,^if) = 0, Y,Y,^if)=0, Y,Y,^if) = ior t ^ j; (Y.Y,^ + Y,Y,J (f) = 0. 
For i j, these equations imply 

Y,Y,Y,^if) - Y,Y,Y,^if) = Y,Y,^{f) = Y,^ {Y,{f)) = 0. 

Analogously, Yq^ {Yt{f)) = 0, and hence Yt {Yt{f)) = 0, i.e., Yt{f) = const and f = ct + fo 
while eqs. fISBj) imply deg^ ^ fo < 1. Hence the prolong of g_ © [)o coincides with 0_ © t)o. 

Let [)o = ^0, and f)i C 61. As a fio-niodule, decomposes into the direct sum of two (over 
C; for charK = 3 and in super setting, even over C, the situation is more involved) irreducible 
submodules, Wi spanned by cubic monomials in p and q, and W2 spanned by tpi and tg^. 
The dual bases of Wi and W2 are given by order 3 symmetric polynomials in the Yp.,Yg., 
and, respectively, spanned by YpYt and YgYf. 

Hence the subspace Wi is singled out by conditions 

YpYtif) = YgYtif) = =^ YtU) = const. 

This equation singles out in l{2n + 1) the derivation algebra Der(po(2n)) = po(2n) © 'CKt of 
the Poisson algebra. 

To single out 1^2, we have the system 

YpYpYp^U) = ^, YqYqY,M)=0, 
YpYpYq,if) = 0, Yp,YqYq^if)=0, ioik^i^j- 

(37) Yp^ [YpYq^ + YqYp^) (/) = 0, Y^^ [Y^Y^^ + Y^Y^;) (/) = for z ^ j; 

(^p'n. + ypj^yn + y^Jv) (/) = O' 

{YlYp^ + YqYpYq^ + YpY^^) (/) = 0. 

which implies that Yt{f) satisfies eqs. and hence 

df 

— e Span{l; pi, . . . gi, . . . ,g„, ; f}, 

whereas 

/ e Span{l; pi, . . . gi, . . . t, tpi, . . .,tpn, tqi, . . . ,tqn\ t^}. 

Hence the complete prolongation (6_ © 60 © ^^2)* is isomorphic to sp(2n + 2). 

6a5 C 6(1|6). Let n = n_i © n_2 be the Heisenberg Lie superalgebra f)ei(l|6): dimn_i = 
0|6, dimn_2 = 1|0. The complete prolong of u is 3 = 6(1|6) with Qq = co(6). The component 
01 consists of three irreducible go-modules. 
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If we consider 6(1|6) in realization by generating functions in t,9i, . . . , Oq, i.e., when 



9f ^ , ,,v(f)^df 



5 f^6j, 



where E = Y^A^e, and {9i,9j}k.b. = kj, then gi ~ tK{9) © K\9) = tA{9) ® Qt ® with 
0^ C A^(^) singled out with the help of the Hodge star *: 

(38) flf = {/ G A'(^) I r = ±v^/}. 

Recall that the Hodge star * is just the Fourier transformation in odd indeterminates whereas 
t is considered a parameter: 

The exceptional simple Lie superalgebra tas is defined f |Shl4t ICKGj ) as a partial prolong 
1 

of f) = © i)k, where i)k = t{l\6)k for — 2 < < and where ()i = tA(^) © gj". Hence ()i is 

k=-2 

the defining component. 
Then 

Xi = de, + 9idt for z = 1, ... 6, X7 = dt, 

and 

Y, = de,-9Aioi 2 = 1,... 6, Yj = X^. 

Let / = {«i,«2,'^3} C {1, ... ,6} be an ordered subset of indices, and /* = {^1,^2,^3} the 
dual subset of indices (i.e., {/, /*} is an even permutation of {1, ... , 6}). Set: 

Yj = Y Y Y Yt, = Y- Y- Y- 

and define Ayj : C[t, 9] — > C[t, 9] by the eqs. 

An(/) = i-ir^f^Y,{f). 

Observe that Ay^(t^s) = for any s = 1, . . . , 6. Therefore i)i can be singled out in t(l|6)i 
by the following 10 equations parameterized by partitions (/,/*) of (1, ... ,6) constituting 
even permutations: 

(39) (Ay,-V^Ay;)(/)=0. 

Clearly, (jSHI) is equivalent to 

{Yj-V^Yj.)if) = 0. 

The solutions of this system span the following subspace of the space of generating functions: 

(40) f^(')^^ - ^f'm^ 

fjk{t)9j9k - \/^fjk{i){9j9k)*, 
fjkiit) {9j9k9i — y/—[{9j9k9i)*) . 

In (PUI) . j, k, I are distinct indices 1 to 6. 

The above description is in agreement with equations from |CK6j . 
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